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We derive a fast decay estimate for the wave equation with a local degenerate dissipation
of the type a(x)ut in a bounded domainΩ . The dissipative coefficient a(x) is a nonnegative
function only on a neighborhood of some part of the boundary ∂Ω and may vanish
somewhere in Ω . The results obtained extend and improve on earlier results of Nakao as
well as those of Tcheugoué Tébou. The method of proof is based on multipliers technique
and some modified interpolation and difference inequalities.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper we consider the initial-boundary value problem for the wave equation with a localized dissipation:
utt −1u+ a(x)ut = 0 inΩ × [0,∞), (1.1)
u = 0 on ∂Ω × [0,∞) (1.2)
u(x, 0) = u0(x), ut(x, 0) = u1(x) inΩ, (1.3)
whereΩ is a bounded domain in RN with a smooth boundary ∂Ω and a(x) is a nonnegative smooth function onΩ which
may vanish somewhere inΩ .
An energy decay property for the problem (1.1)–(1.3) means that there exists a function g(t) such that
E(t) ≤ g(t)E(0), t ≥ 0 with lim
t→∞ g(t) = 0,
where E(t) is the energy of the solution at time t to the problem (1.1)–(1.3) is defined by
E(t) ≡ 1
2
{‖ut(t)‖2 + ‖∇u(t)‖2}. (1.4)
It is well known that the decay rates of the energy E(t) depend on the geometrical shape, the dimension of the domain
and the coefficient function a(x) in the dissipative term. This problem has been studied by several authors. We refer the
reader to Bardos et al. [1], Dafermos [2], Haraux [3], Martinez [4], Nakao [5,6], Rauch and Taylor [7], Tcheugoué Tébou [8],
Zuazua [9].
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When a(x) ≥ 0 > 0 onΩ , it is easy to show that the energy of solutions to the problem (1.1)–(1.3) decays exponentially
to 0 as t goes to infinity, that is, there exists a constant λ > 0 such that
E(t) = O(e−λt) (1.5)
for any initial condition (u0, u1) ∈ H10 (Ω)× L2(Ω)(see Rauch and Taylor [7]). Moreover if a(x0) > 0 for some x0 ∈ Ω , then
the results of Haraux [3] and Dafermos [2] say that the energy of all solutions to the problem (1.1)–(1.3) goes to 0 as t →∞,
that is,
lim
t→∞ E(t) = 0. (1.6)
Recently Zuazua [9] showed that estimate (1.5) holds for all solutions to the problem (1.1)–(1.3) if a(x) ≥ 0 > 0 only on a
neighborhoodw inΩ of Γ (x0) (see Lions [10]), which is a part of the boundary given by
Γ (x0) = {x ∈ ∂Ω|(x− x0) · ν(x) ≥ 0},
where x0 ∈ RN is arbitrarily fixed and ν(x) denotes the outward unit normal vector at x ∈ ∂Ω .
Quite recently, Nakao [5] extended the result of [9] containing the case of a degenerate dissipation as follows:
Let x0 ∈ RN , andw be a neighborhood inΩ of Γ (x0). Assume that
a(x) > 0 a.e. x ∈ w and
∫
w
1
a(x)p
dx <∞ (1.7)
for some p ∈ (0, 1). Then the energy decays polynomially, that is,
E(t) = O
(
t−
2mp
N
)
, (1.8)
where a(·) ∈ Cm−1(Ω) and (u0, u1) ∈ Hm+1(Ω) × Hm(Ω) satisfies the compatibility condition of the m-th order relative
to the problem (1.1)–(1.3) (see also [6]). Later, Tcheugoué Tébou [8] extended the result of [5]. In fact, under the same
hypotheses on the data he proved that for any given N ≥ 1, ifm > N/2 and 0 < p <∞, then the energy E(t) satisfies (1.8)
and furthermore whenm ≤ N/2 and some p > 0 satisfying N − 2m ≤ mp, the energy E(t) satisfies
E(t) = O
(
t−
mp
N
)
. (1.9)
Martinez [4] also studied the decay rate of the solution to the problem (1.1)–(1.3) when m > N/2 and a(·) goes quickly to
zero at the boundary so that (1.7) is not satisfied. This result provides an intermediate character between those of Haraux [3]
and those of Nakao [5]. We note that estimates (1.8) and (1.9) mean that the decay rate depends on the degeneracy of a(x)
as well as the regularity of the solution itself.
The main purpose of this paper is to present a unified and simplified proof of the known energy decay estimates for any
given dimension N and to derive fast energy decay estimates for some dimensions without any geometric condition on ∂Ω
when a(x) is effective only on a part of ∂Ω . For the proof,we combine themethod in [5]with some technical inequalities. As a
related problem, Bardos et al. [1] obtained a necessary and sufficient condition for the uniform stabilization by amicrolocal-
analysis technique, that is, (1.5) holds if and only if there exists T > 0 such that every ray of geometric optics meets the set
{x ∈ Ω | a(x) > 0} × (0, T ). Recently Tebou [11] proved sharp energy decay estimates for the dynamic elasticity equation
with a degenerate locally distributed distributed dissipation. In fact he obtained the decay rate O(t−2mp/N) without some
restriction on the parameters when m ≤ N/2 and 0 < p < 1. Note here that a typical example which satisfies the above
condition in [1] is that a(x) is uniformly bounded below, that is, a(x) ≥ 0 > 0 in a neighborhood of ∂Ω , and the above
condition in [1] and condition (1.7) are independent of each other. Some results of the stabilization for the wave equation
in exterior domains are treated in [12,13].
2. Preliminaries and statement of the main result
Throughout this paper we shall use familiar Sobolev spaces Hm(Ω)with respect to the norm
‖f ‖Hm(Ω) =
∑
|α|≤m
‖Dα f ‖L2(Ω),
where Dα = ∂ |α|/(∂xα11 , . . . , ∂x
αN
N ), α = (α1, . . . , αN), αi ≥ 0, i = 1, . . . ,N, |α| = α1 + α2 + · · · + αN , and ‖ · ‖Lp(Ω)
denotes LP norm on an open setΩ ∈ RN , 1 ≤ p ≤ ∞. The space Hm0 (Ω) is the closure of C∞0 (Ω) in Hm(Ω). We begin with
the following well-known lemmas, which will be used in the proof of the main result.
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Lemma 2.1 (Gagliardo–Nirenberg Inequality). Let 1 ≤ r < p ≤ ∞, 1 ≤ q ≤ p, and 0 ≤ k ≤ m. Then we have the inequality
‖v‖
Wk,p(Ω)
≤ C‖v‖θ
Wm,q(Ω)
‖v‖1−θLr (Ω) for v ∈ Wm,q(Ω)
⋂
Lr(Ω)
with some C > 0 and
θ =
(
k
N
+ 1
r
− 1
p
)(
m
N
+ 1
r
− 1
q
)−1
provided that 0 < θ ≤ 1 (0 < θ < 1 if p = ∞,mq = integer).
Lemma 2.2 (The Generalized Hölder Inequality). Let 1 ≤ p1, . . . , pm ≤ ∞ with 1/p1 + 1/p2 + · · · + 1/pm = 1 and assume
uk ∈ Lpk(Ω) for k = 1, 2, . . . ,m. Then we have the inequality∫
Ω
|u1 · · · um|dx ≤
m∏
k=1
‖uk‖Lpk (Ω).
We also need the following lemma of Nakao [5].
Lemma 2.3. Let φ(t) be a nonnegative function on [0,∞) satisfying
sup
t≤s≤t+T
φ(s)1+γ ≤ Cφ{φ(t)− φ(t + T )},
where T , γ , and Cφ are some positive constants. Then φ(t) has the decay property
φ(t) ≤
{
φ(0)−γ + γ
Cφ
(t − T )+
}− 1γ
for all t ≥ 0, where the notation α+ means α+ = max{α, 0}.
LetΩ be a bounded domain in RN with the smooth boundary and a(·) : Ω → [0,∞) a nonnegative Cm−1(Ω) function.
In order to state the results, we need the following definition.
Definition 2.1. Letm be a nonnegative integer. We say that the initial condition (u0, u1) ∈ Hm+1(Ω)×Hm(Ω) satisfies the
compatibility condition of them-th order relative to the problem (1.1)–(1.3) if
uk ∈ Hm+1−k(Ω)
⋂
H10 (Ω), k = 0, 1, 2, . . . ,m and um+1 ∈ L2(Ω),
where {uk} is inductively defined by
uk+2 = 1uk − a(x)uk+1, k = 0, 1, . . . ,m− 1.
The existence and the regularity of the solution u of the problem (1.1)–(1.3) are given by the followingwell-known result
(see [14,15]):
Theorem 2.1. Let a(·) ∈ Cm−1(Ω) and (u0, u1) ∈ Hm+1(Ω) × Hm(Ω) satisfy the compatibility condition of the m-th order
relative to the problem (1.1)–(1.3). Then there exists a unique solution u(t) to the problem (1.1)–(1.3) such that
u ∈ Xm ≡
m⋂
k=0
Ck([0,∞);Hm+1−k(Ω)
⋂
H10 (Ω))
⋂
Cm+1([0,∞); L2(Ω)),
and the linear mapping
(u0, u1) ∈ Hm+1(Ω)× Hm(Ω) 7→ u ∈ Xm
is continuous. That is, there exists a constant c > 0 such that
‖ut(s)‖Hm(Ω) ≤ c
(
‖u0‖2Hm+1(Ω) + ‖u1‖2Hm(Ω)
)1/2
.
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The main result of this paper reads as follows:
Theorem 2.2. Let m be a positive integer and (u0, u1) ∈ Hm+1(Ω)×Hm(Ω) satisfy the compatibility of the m-th order relative
to the problem (1.1)–(1.3). Suppose that a(x) ≥ 0 onΩ , a(·) belongs to Cm−1(Ω) and there exist x0 ∈ RN andω, the intersection
of Ω and a neighborhood of Γ (x0) such that
a(x) > 0 a.e. x ∈ ω,
∫
ω
a(x)−pdx <∞,
where the parameter p > 0 satisfies{
0 < p <∞ if 1 ≤ N < 2m,
N − 2m ≤ mp if 2m ≤ N. (2.1)
Then for any given N, we have the decay estimates: If m > N/2, then the energy E(t) satisfies
E(t) ≤
(
E(0)−
N
2mp + C(u0, u1, T )−
2mp+N
2mp (t − T )+
)− 2mpN
(2.2)
for all t ≥ 0, where C(u0, u1, T ) is a positive constant depending on the initial data u0, u1 and T .
On the other hand, if m ≤ N/2, then the energy E(t) satisfies
E(t) ≤
(
E(0)−
N
2mp + N
2mp
C˜(u0, u1, T )
− 2mp+N2mp (t − T )+
)− 2mpN
(2.3)
for all t ≥ 0, where C˜(u0, u1, T ) is a positive constant depending on the initial data u0, u1 and T .
Remark 2.1. Theorem2.2 extends Theorem1ofNakao [5]. In fact, under the samehypotheses on the data and the restriction
0 < p < 1, m > N/2 on the parameters p and m, he proved the energy decay estimate (2.2). However, our results do not
restrict on the parameters; m, p. Thus, under some parameters p > 0, m satisfying N − 2m ≤ mp, m ≤ N/2, we also
obtained the decay rate O(t−2mp/N), which is much sharper than the estimate by Tcheugoué Tébou [8] (see (2.3)). In this
case, we note that if the parameter p is limited to 0 < p < 1, then by the condition 2m ≤ N ≤ m(2 + p), the result does
not cover all dimensions N; for example, N = 3. On the other hand, in case of p ≥ 1 our problem has some interest in the
points that the result covers all dimension N under the condition (2.1) and gives an illustrative model using that parameter
p ≥ 1. Actually Astaburuaga and Charão [16] obtained the energy decay rate for a system of elasticity using the parameter
condition p ≥ 1; that is, a(x) ∈ Lr(Ω), a(x) = 0 inΩ \ ω, and ∫
ω
a(x)−pdx <∞ for some positive constants r, p ≥ 1.
Remark 2.2. Theorem 2.2 says that if for any given dimension N(≥1), there exists a constant p > 0 satisfying (2.1), then
we have the decay property
E(t) = O
(
t−
2mp
N
)
for the solution u(t) ∈ Xm.
3. Proof of Theorems 2.2
Lemma 3.1. Let η(x) ∈ W 1,∞(Ω) and h(x) = (h1(x), h2(x), . . . , hN(x)) ∈ (W 1,∞(Ω))N . Then for the solution u(t) ∈ Xm and
T > 0, we have the following identities:
E(t + T )+
∫ t+T
t
∫
Ω
a(x)|ut |2dxds = E(t);∫ t+T
t
∫
Ω
η(x)(|∇u|2 − |ut |2)dxds+
∫ t+T
t
∫
Ω
η(x)a(x)utudxds = −(η(x)u, ut) |t+Tt −
∫ t+T
t
∫
Ω
(∇η(x) · ∇u)udxds;∫ t+T
t
∫
Ω
{
1
2
∇ · h(x)(|ut |2 − |∇u|2)+
∑
i,j
∂hj
∂xi
∂u
∂xi
∂u
∂xj
}
dxds+
∫ t+T
t
∫
Ω
a(x)h(x) · ∇uutdxds
= −(ut , h(x) · ∇u) |t+Tt +
1
2
∫ t+T
t
∫
∂Ω
h(x) · ν(x)
∣∣∣∣ ∂u∂ν
∣∣∣∣2 dΓ ds.
These identities are derived by multiplying Eq. (1.1) by ut , η(x)u, and h(x) · ∇u, respectively and integrating over
[t, t + T ] ×Ω, T > 0, and using the integration by parts.
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Now let us set
D(t)2 ≡ E(t)− E(t + T ) =
∫ t+T
t
∫
Ω
a(x)|ut |2dxds. (3.1)
Using the identities in Lemma 3.1 and similarly as in the proof of Theorem 1 of Nakao [5], we can derive the following
inequality, which is a useful inequality to derive the decay rate of the energy. Here we don’t give the proof because the
technique of proof is essentially due to Nakao [5] and Zuazua [9].
Proposition 3.1. Let T > 0 be a sufficiently large number. For the solution u(t) ∈ Xm, there exists a constant C1 > 0 independent
of the initial data, such that the estimate
E(t + T ) ≤ C1
{
D(t)2 +
∫ t+T
t
∫
ω˜
|ut |2dxds
}
, (3.2)
where we set ω˜ = ω⋂Ω .
We are now in a position to prove the main result. In order to complete the proof of Theorem 2.2, we must to find a
proper estimate of the term of the integral in the right hand side of (3.2). We distinguish two cases corresponding to the
hypothesis on N .
In case ofm > N/2: By the assumption on a(x) and Lemma 2.1 we obtain∫ t+T
t
∫
ω˜
|ut |2dxds =
∫ t+T
t
∫
ω˜
a(x)
p
p+1 |ut |
2p
p+1 a(x)
−p
p+1 |ut |
2
p+1 dxds
≤
{∫ t+T
t
∫
ω˜
a(x)|ut |2dxds
} p
p+1 {∫ t+T
t
∫
ω˜
a(x)−p|ut |2dxds
} 1
p+1
≤ Ap
1
p+1 T
1
p+1D(t)
2p
p+1 sup
t≤s≤t+T
‖ut(s)‖
2
p+1
L∞(Ω)
≤ C2Ap
1
p+1 T
1
p+1D(t)
2p
p+1 sup
t≤s≤t+T
‖ut(s)‖
2(2m−N)
2m(p+1)
L2(Ω)
‖ut(s)‖
N
m(p+1)
Hm(Ω)
≤ C˜2Ap
1
p+1 T
1
p+1 I
N
m(p+1)
m D(t)
2p
p+1 E(t)
2m−N
2m(p+1) ≡ A(t)2,
where Ap =
∫
w
1/a(x)pdx < ∞ and C2, C˜2 > 0 are constants independent of the initial data, and we set Im =
c(‖u0‖2Hm+1(Ω) + ‖u1‖2Hm(Ω))1/2.
Thus we have from (3.1) and (3.2)
E(t) ≤ (C1 + 1)D(t)2 + C1A(t)2.
Using Young’s inequality on C1A(t)2 and the definition of D(t)2, we get the inequality
E(t)1+
N
2mp ≤ C(u0, u1, T )
2mp+N
2mp (E(t)− E(t + T )), (3.3)
where C(u0, u1, T ) denotes the positive quantity given by
C(u0, u1, T ) = 2m(p+ 1)2mp+ N (C1 + 1)+ (C1C˜2)
2m(p+1)
2mp+N (ApT )
2m
2mp+N I
2N
2mp+N
m .
Now applying Lemma 2.3 to the above inequality (3.3) we get the result of Theorem 2.2 form > N/2.
In case ofm ≤ N/2: By the assumption on a(x) and the generalized Hölder inequality (see Lemma 2.2) we have∫ t+T
t
∫
ω˜
|ut |2dxds =
∫ t+T
t
∫
ω˜
a(x)ra(x)−r |ut |2dxdt
≤
(∫ t+T
t
∫
ω˜
(a(x)|ut |2)rp1dxds
) 1
p1
(∫ t+T
t
∫
ω˜
a(x)−rp2dxds
) 1
p2
(∫ t+T
t
∫
ω˜
|ut |(2−2r)p3dxds
) 1
p3
=
(∫ t+T
t
∫
ω˜
a(x)|ut |2dxds
) 2p
3p+2 (∫ t+T
t
∫
ω˜
a(x)−pdxds
) r
p
(∫ t+T
t
‖ut‖
2p+4
p
L
2p+4
p (ω˜)
ds
) p
3p+2
, (3.4)
where we use p1 = 1/r, p2 = p/r, p3 = (2p+ 4)/(p(2− 2r)), r = 2p/(3p+ 2).
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Using the Gagliardo–Nirenberg inequality (see Lemma 2.1) and p > 0 satisfying N − 2m ≤ mp, in the last term of the
right hand side of (3.4) yields
‖ut‖
L
2p+4
p (ω˜)
≤ C3‖ut‖
(p+2)m−N
(p+2)m
L2(Ω) ‖ut‖
N
(p+2)m
Hm(Ω)
≤ C˜3I
N
(p+2)m
m E(t)
(p+2)m−N
2(p+2)m . (3.5)
Combining (3.4) and (3.5), we obtain∫ t+T
t
∫
ω˜
|ut |2dxds ≤ A
2
3p+2
p T
p+2
3p+2D(t)
4p
3p+2 sup
t≤s≤t+T
‖ut‖
2p+4
3p+2
L
2p+4
p (ω˜)
≤ CmD(t)
4p
3p+2 E(t)
(p+2)m−N
(3p+2)m ,
where the constant Cm = C˜ (2p+4)/(3p+2)3 A2/(3p+2)p T (p+2)/(3p+2)I(2N)/((3p+2)m)m .
Thus we have from Proposition 3.1 and identity (3.1),
E(t) = D(t)2 + E(t + T )
≤ D(t)2 + C1
(
D(t)2 + CmD(t)
4p
3p+2 E(t)
(p+2)m−N
(3p+2)m
)
= (C1 + 1)D(t)2 + C1CmD(t)
4p
3p+2 E(t)
(p+2)m−N
(3p+2)m . (3.6)
Simple calculations using the Young inequality in the last term of the right hand side of (3.6) show that
E(t) ≤ (C1 + 1)D(t)2 + 2mp+ N
(3p+ 2)m
(
C1CmD(t)
4p
3p+2
) (3p+2)m
2mp+N + (p+ 2)m− N
(3p+ 2)m E(t),
which is modified by
E(t)1+
N
2mp ≤ C˜(u0, u1, T )
2mp+N
2mp D(t)2 = C˜(u0, u1, T )
2mp+N
2mp (E(t)− E(t + T )), (3.7)
where the positive constant C˜(u0, u1, T ) is given by
C˜(u0, u1, T ) = (3p+ 2)m2mp+ N (C1 + 1)+ (C1Cm)
(3p+2)m
2mp+N .
Applying Lemma 2.3 to (3.7), we obtain the decay estimate
E(t) ≤
{
E(0)−
N
2mp + N
2mp
C˜(u0, u1, T )
− 2mp+N2mp (t − T )+
}− 2mpN
,
which completes the proof of Theorem 2.2. 
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